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In 1930, Keller [3] conjectured that in any tiling of Euclidean n-space 
by translates of the unit cube, some pair of translates share a face. In 1949, 
Hajos [2] reduced this conjecture to a certain statement about finite 
abelian groups. If G is a finite abelian group written additively, g is an 
element of G, and n 3 2 is an integer, we denote the set (0, g, . . . . (n - 1) g} 
by L-s, nl. If A,, . . . . A, are subsets of G, we say that A, + ... + A, is a 
factorization of G if each element of G has exactly one representation as a 
sum a,+ ... +a,, where a,~A~for i= 1, . . . . m. Also, if B and C are subsets 
of G, we let B - C denote the set of all differences b - c between elements 
b E B and c E C. Hajos’ statement then says that for all finite abelian groups 
G, if H + [xi, r,] + ... + [x,, r,n] is a factorization of G, then for some 
iE { 1, . . . . m}, we have rixi~ H- H. In this paper we adapt a method of 
Corradi and Szabo [l] to prove this form of Keller’s conjecture in two 
known cases and to prove it for two new classes of abelian groups. 
LEMMA 1 [ 11. Let G be a finite abelian group, H be a subset of G, g be 
an element of G, q 3 2 and r be two relatively prime integers, and H + [g, q] 
be a factorization of G. Then H + [rg, q] is also a factorization of G. In 
particular, rg 4 H - H. 
Proof. First, H + qg c H, since if not, let y E (H+ qg)\H. Then since 
H + [g, q] is a factorization of G, we can write y = h + ag, where h E H and 
a E (0, . ..) q - 1 }, and since y 4 H, we have a # 0. Also, y = k + qg for some 
kEH, sinceyEH+qg. Theny-g=k+(q-l)g=h+(a-l)g, andy-g 
can be expressed in two different ways as the sum of an element of H and 
an element of [g, q], contradicting the fact that H+ [g, q] is a factoriza- 
tion of G. Hence H + qg z H, and since H is finite H + qg = H. Now 
if h + arg= k + brg, where h, kE H and a, b E (0, . . . . q - l}, we have 
(a - 6) rgE H - H, but H + qg = H so we can reduce (a - b)r modulo q 
to find that cg E H-H for some c E (0, . . . . q - 1 }, contradicting 
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G = H + [g, q] unless c = 0, in which case q 1 (a - b)r so q 1 (a - b), since q 
and r are relatively prime, and hence a = b. Therefore every element of G 
has at most one representation as the sum of an element of H and an 
element of [rg, q], and then since IH+ [rg, q][ =q IHI = ICI, HS [rg, q] 
must in fact be a factorization of G, as desired. 1 
We say that a finite abelian group G has property P if, whenever 
L+ [xl, r,] + ... + [x,, r,,] is a factorization of G, p is at least 2, 
(x,, . . . . x,} is a minimal generating set for G, and each rk is prime, then 
there are i and j such that 
(L-L)n((x,,...,xi~,,xj+,,...,xj~l,xj+,,...,x,) 
+ {ax,+bx, I (a, ri)=(b,r.i)= l})=@. (1) 
THEOREM 2. Let G be a finite abelian group such that every subgroup of 
G has property P. Then G satisfies Keller’s conjecture. 
Proof. Let G’ be a minimal subgroup of G that does not satisfy Keller’s 
conjecture. Then there is a subset H of G’, elements xi, . . . . x, of G’, and 
r,, . . . . r,>2 such that H+ [xi, r,] + ... + [x,, r,] is a factorization of 
G’ and each rixi$ H - H. Pick such a factorization with m maximal. If 
some ri is not prime, r, say, let rl = ab, where a and b each exceed 1. Then 
H+ [xi, a] + [ax,, b] + [x,, rz] + . . . + [x,, r,] will be a factorization 
of G’. Furthermore, ax, 4 H-H since otherwise some element of H would 
have two representations as the sum of an element of H and an element of 
[xi, r,]. Also, b(ax,) = r, x1 #H-H by assumption. This then contradicts 
our assumption that m was maximal. Hence each ri is prime. If {xi, . . . . x,} 
does not generate G’, let G” = (xi, . . . . x, ). Then every element of G” is a 
sum of elements ajxj, where uj~ (0, . . . . rj- 1 }, and an element h of H. But 
then hEG”, so we canconclude that (HnG”)+[x,,r,]+ ... +[x,,r,] 
is a factorization of G”, contradicting the minimality of G’. Hence 
<x i, . . . . x,) = G’. Now some subset of the x,‘s is a minimal generating set 
for G’, {xi, . . . . x,},say. LetL=H+[x,+,,r,+,]+ ... +[x,,r,].Trans- 
late H so that 0 E H; then 0 E L. If p = 1, from Lemma 1, rl 1 b, for all 
b,x, EL. Otherwise, since G’ has property P, there are i and j such that 
(1) holds. Without loss of generality, let i = 1 and j= 2. Now 
LG G’= (x1, . . . . x,), so every element of L can be written as a sum 
Xi”= i bixi, bi E Z. Furthermore, from (1 ), for such a sum to be an element 
of L we must have either rl ) b, or r2 ( bZ. If we have elements Cp=, bix, = h 
and C;=‘=, cixi=k of L for which r,lb,, r,lb,, r, jc,, and r,lcz, then 
h -k = Xi”= i (b, - ci) xi, and ri j bi - ci for i = 1, 2, which contradicts (1). 
Hence either rl I b, for all Cf=, bixi E L or rZ I b, for all Cy= I bixi E L. Say 
that r1 I b, for all xi”=, bixiE L. Whether p = 1 or p > 1, then, we can say 
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that rl 1 h, for all Cf=, bixie L. Now if K is the subgroup (r,x,, x2, . . . . xp) 
of G’, L is contained in K. G’/K is cyclic and generated by the image of x, 
in G’IK, Xi, say, and r, X, = 0. Then if we let G’IK be isomorphic to ZJaH, 
we know that a divides r,, and hence a= 1 or a=r,. If a=r,, 
H+ [x2, r2] + ... + [x,, r,] will be a factorization of K, since it is 
contained in K and has the same size as K, contradicting the minimality 
of G’, unless m = 1, when rl x1 E K = H, contrary to assumption. If a = 1, 
then K= G’, so x,EK, that is, x,=r,b,x,+b,x,+ ... +b,x, for 
some b, , . . . . b,EZ. Then (r,b,-l)x,+b,x,+ ... +b,x,=OEL, and 
r, J rI b, - 1, which is a contradiction. Hence in either case we have a 
contradiction, so we are done. 1 
We can now give a short proof of Keller’s conjecture in two known 
cases. 
COROLLARY 3 [ 1,4]. Zf G is of the form Hjp”Z @Z/p’Z or Z/p‘70 
ZlqbZ, where p and q are distinct primes and a and b are nonnegative 
integers, then G satisfies Keller’s conjecture. 
Proof: If G is of either of these two forms, then G and all its subgroups 
will have the property that every one of their minimal generating sets has 
no more than two elements. This property implies property P, since if 
H+ [xi, rI] + [x,, r2] is a factorization of some subgroup K of G, and if 
(b,, r,)= (b2, r2)= 1, then Lemma 1 implies that H+ [b,x,,r,]+ 
[b,x,, rz] is also a factorization of K, and b,x, +~,~,EH-H would 
contradict this. Then invoking Theorem 2 implies that G satisfies Keller’s 
conjecture. 1 
We can also prove Keller’s conjecture in the following cases. 
THEOREM 4. Let G be of the form Z/p”Z @ Z/pbZ @ (ZIpZ)‘, where p is 
a prime and a, b, and c are nonnegative integers. Then G satisfies Keller’s 
conjecture. 
Proof: Since all of the subgroups of G have the same form as G, it 
suffices to prove that G has property P. Let {xi, . . . . xm} be a minimal 
generating set for G, where m > 2, and let H + [x, , rl ] + . . . + [x,, r,] be 
a factorization of G, where the ris are prime. Since each ri must divide the 
order of G, all ri)s must equal p. Now pG r Z/p”““‘“~ ‘,‘)Z @ h/pmaxCb- ‘,O)Z, 
so any minimal set of generators for pG has no more than two elements. 
However, { px, , . . . . px,} generates pG, so some subset {px,, pxj} generates 
PG say {P~I,P~,). Let Izr#(H-H)n((x,,...,x,)+a,x,+a,x,), 
where p does not divide a, or a2. Then fix elements h and k of H and 
a3, . . . . a,,,E Z with h = k +Cy=, ajxi. Since for i= 3, . . . . m, we have 
px,~pG= (px,,px,), we can adjust a3, . . . . a, by multiples of p and keep 
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a, and a2 nonmultiples of p. Do this in such a way as to obtain 
a3, . . . . a, E (0, . . . . p-l}. Then b Y L emma 1, H+ Cqx,,pl+ Ca2x2,pl + 
CXJ, PI + . . . + [x,, p] will be a factorization of G, but h = k + X7= I aixi 
contradicts this, wo we are done. 1 
THEOREM 5. Let G be of the form Z/p”Z@Z/pbZ 0 (Z/q&Z)‘, where p 
and q are distinct primes, a, b, and c are nonnegative integers, and p 2 5. 
Then G satisfies Keller’s conjecture. 
ProoJ: As before, it suffices to prove that G has property P. Let 
H+ [x1, rI] + ... + [x,, r,] be a factorization of G, where m 2 2, each ri 
is prime, and {x1, . . . . x,> is a minimal generating set for G. Since each ri 
must divide the order of G, each ri is either p or q. Given an element e of 
Z”, let ei or (e), denote the ith component of e. Then let L = {ee Z” 1 
CyY 1 eixi= O}. 
Suppose that we have elements v3, . . . . U, of L such that each v, is of the 
form (ajq, bjq, 0, . . . . 0, -4, 0, . . . . 0), where -q is in the jth position. Then 
we claim that, possibly after relabelling the xls in {x,, . . . . x,), we can find 
elements u3, . . . . uk, wk + , , . . . . w, of L such that for j= 3, . . . . k, each U, is of 
the form (cjq, djq, 0, . . . . 0, -4, 0, . . . . 0), where -q is in the jth position, 
rl I ("j)ly and r2 I (uj),, and for j= k + 1, . . . . s, we have rj = p, wj~ qE”, 
( w,)~ = -4, and (w,), = 0 for t > j. To prove this, we induct on s. Suppose 
we are given v3, . . . . v, E L of the supposed form. If rl 1 (aj)[ for all E= 1, 2 and 
j = 3, . . . . s, then we can set k = s and uj = vi for j= 3, . . . . s, so we will be 
done. Suppose then that r, j (ui)/ for some 1~ { 1,2} and jE (3, . . . . s}. Since 
q I (v,), for all j and Z, we must have r, = p, and then ((vi),, p) = 1. Relabel 
x3, . . . . x, to make j = s and relabel x, and x2 to make I= 2. Now since the 
exponent of G is pmax@,b) q, we can add any multiple of pmax(4b)q to a 
component of an element of L and have it remain in L. Then since there 
is a t such that t(v,)2 E -q (modpm”“‘“,b)q), for some integers e andf, the 
element y = (eq, -4, 0, . . . . 0, fq, 0, . . . . 0) with fq in the sth position is a 
member of L. Let v,’ = vj + ((vj),/q) y, for j= 3, . . . . s - 1. Then if we relabel 
the xis so that what was called x, is now called x2 and what was called x2 
is now called x,, the elements vi, . . . . vi- 1 will be of an appropriate form to 
apply our induction hypothesis, yielding u;, . . . . u;, wb + r, . . . . w:- i, say. We 
can then set Us = U; for j = 3, . . . . k, wj = w,! for j = k + 1, . . . . s - 1, and w, = y, 
and the uj’s and wj’s will then be as desired. 
Now qG E h/p”Z@ Z/pbZ, so qG is generated by two or fewer of the 
qx,‘s. Say qG = (qx, , qx, ). Then for i = 3, . . . . m, we have qxi = 
aiqxl + biqx2, for some integers a3, . . . . a,,, and b,, . . . . b,. Then set vj= 
(qq, bjq, 0, -., 0, -4, 0, -, 0) with -q in the jth position for j= 3, . . . . m, 
set s=m, and apply the result we have just proved. Suppose h-k= 
Cy=“=, aixi, where aEZm, (a,, rl) = (a,, r2) = 1, and h, kE H. We can add 
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any multiple of the uI)s or wj’s to a without affecting this equality. For 
each j = m, m - 1, . . . . k + 1, we can add some multiple of wj to a to make 
p = r, 1 aj and preserve the conditions rl j a, and r2 [a,. This is because 
such a multiple zwj of wj will have to satisfy a, - zq $0 (modp) and 
a, + z(wj), f 0 (mod rl) for I = 1 and 2. However, the last two congruences 
will be satisfied automatically for f with rl = q since (w,), E 0 (mod rl) and 
a,$0 (mod rl) for these 1. Similarly, they will be satisfied automatically for 
1 with rl= p and (w,),- 0 (mod p). Hence these congruences reduce to 
requiring z to avoid, at most, three values modulo p, which is possible since 
p > 5. Also, fulfilling the condition rj 1 aj will not change the fact that r, j a, 
for t > j, since (w,), = 0 for t > j. Hence we can assume that rj j aj for 
j= 1, 2, k+ 1, . . . . m. Now, without loss of generality, say that ri= q for 
j = 3, . . . . h, and rj = p for j = h + 1, . . . . k. Then for j = 3, . . . . k, we have (u~)~ = 
--,-so forj=h+l,..., k, we can add a multiple of uj to a to make a have 
rjia,, and for j= 3, . . . . h, we can add a multiple of uj to a to make 
aj E { 0, . . . . q-l}. Since r[l(U,), for I= 1 and 2, and (u,),=O for Z>k, we 
can do this without changing the fact that rj 1 aj for j = 1, 2, k + 1, . . . . m. 
Then by Lemma 1, H+Ca,x,,r,]+Ca,x,,r,l+[x,,q]+ ... +[x,,q]+ 
Ca h+l~h+ly~I+ ... + Camxm, p] is a factorization of G, but then h -k = 
C,“=, ajxj contradicts this. Hence we are done. 1 
One might hope to apply Theorem 2 to prove Keller’s conjecture for still 
more classes of groups. However, Theorem 2 is essentially only relevant to 
the two-dimensional case of Keller’s conjecture, so there are severe limits 
on its applicability. For example, if G = (Z/4Z)3, and 
H= ((0, 0, O), (1, 2, Oh (3,2, O), (2, 0, 11, GO, 3), 
(0, 3,2), (0, 1,2), (2, 2,2)}, 
then H+ [( 1, 0, 0), 23 + [(0, 1, 0), 2]+ [ (0, 0, l), 21 is a factorization of G, 
and {(LO, 01, (0, LO), (O,O, l)} is a minimal generating set for G. 
However, H- H contains (3,2,3), (3,3,2), and (2,3,3), so we cannot find 
distinct i and j such that H-H contains no elements a such that ai and aj 
are both odd. This factorization, then, proves that G does not have 
property P, so we cannot prove Keller’s conjecture for G using Theorem 2. 
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